Abstract. For a compact Lie group acting on a smooth manifold, we define the differential cohomology of a certain quotient stack involving principal bundles with connection. This produces differential equivariant cohomology groups that map to the Cartan-Weil equivariant forms and to Borel's equivariant integral cohomology. We show the Chern-Weil homomorphism for equivariant vector bundles with connection naturally factors through differential equivariant cohomology.
Introduction
Differential cohomology, also known as Deligne cohomology [Bry] or CheegerSimons differential characters [CS] , is a contravariant functorȞ * from the category of manifolds to graded abelian groups. It sits in the character diagram
where the two diagonals are short exact sequences, B is the Bockstein homomorphism, and the subscript Z denotes closed forms with Z-periods. Because it captures both the torsion of integral cohomology and the local structure of differential forms, differential cohomology has proven to be useful in a number of contexts. In particular, the Chern-Weil homomorphism factors throughȞ * , making it a natural home for secondary invariants of principal bundles with connection. Differential cohomology has now been generalized in several directions, leading to the notion of a "differential extension" of a generalized cohomology theory.
The purpose of this paper is to construct a differential extension of Borel's equivariant integral cohomology. This was also recently done by Kübel [Küb] , and our functors fit into the same short exact sequences. Assume that G is a compact Lie group acting smoothly on a manifold M . The equivariant cohomology of M , with coefficients in an abelian group A, is the cohomology of the homotopy quotient H is naturally isomorphic to H * G (M ; R). One can equivalently use the Cartan model (Sg * ⊗ Ω(M )) G in place of the Weil model, as the two complexes are isomorphic (not merely quasi-isomorphic). We summarize the paper's main results in two theorems below. Theorem 1.1 contains the important user-friendly properties ofȞ n G (M )
( ( P P P P P P P P P P 
The paper is organized as follows. Appendix A, which appears at the end of the paper, contains a review of principal bundles with connection and the equivariant de Rham complex Ω G (M ). Readers unfamiliar with the Weil model may find it helpful to begin here. While this appendix is expository and should probably be replaced by a citation to [GS] , we use it to introduce notation and to emphasize the relationship between W(g) and differential forms on principal bundles with connection.
In Section 2 we defineȞ * G (M ) using the Hopkins-Singer [HS] cochain model forȞ * (EG × G M ), but with Ω(EG × G M ) replaced by Ω G (M ). The short exact sequences and character diagram follow immediately. The advantage of this construction is that one need not leave the world of cochain complexes and topological spaces. When giving constructions such as the Chern-Weil refinement, however, one is forced to play the tedious game of choosing classifying maps and checking everything is well-defined.
To emphasize the geometric nature of our constructions, we begin working with the differential Borel quotient stack E ∇ G × G M in Section 3. This is defined as a contravariant functor that associates to any test manifold X the groupoid of principal G-bundles with connection (P, Θ) → X, together with an equivariant map P → M . In [FH] , Freed-Hopkins show that a natural map
is an isomorphism, and we proceed to give the second definitioň
The details of this definition involve simplicial sheaves and are contained in Section 6. The virtue is that maps between various stacks induce homomorphisms in differential cohomology, as we demonstrate in Section 4. For example, the associated bundle construction defines a natural map
which induces the homomorphism (B) from Theorem 1.1. Similarly, if (P, Θ) → M is a principal G-bundle with connection, the pullback gives a natural map
and this induces the homomorphism in (C). For (Q, Θ) → M a G-equivariant principal K-bundle with G-invariant connection, the refined Chern-Weil homomorphism is induced by a natural map
as described in Section 5. Given a G-bundle with connection mapping to M , we pull back (Q, Θ) to form a G × K-bundle with connection, and then we quotient by G. The equivariant extensions of the Chern forms appear when forming the connection on the pullback of (Q, Θ). We conclude Section 5 with a discussion of H n G (M ) as differential characters on E ∇ G × G M , and we showȞ 2 G (M ) is naturally equivalent to isomorphism classes of G-equivariant principal R/Z-bundles on M with invariant connection.
A definition of differential equivariant cohomology was previously given by Gomi [Gom] , but it did not fully incorporate Ω G (M ), leading to groups that are not isomorphic to the ones in this paper. See [Küb] for a more detailed discussion. In fact, many of our results can also be found in Kübel's paper, including the short exact sequences and the refined equivariant Chern-Weil homomorphism. However, the constructions and methods are different. The two definitions in this paper involve the topological space EG × G M and the stack E ∇ G × G M , and most homomorphisms are induced by bundle constructions. On the other hand, Kübel uses the simplicial manifold {G
• × M } as the model for the homotopy quotient. We believe that having multiple viewpoints will prove to be useful, just as it has for ordinary differential cohomology.
Cochain model
Our first definition ofȞ * G (−) is given by using the Hopkins-Singer construction forȞ * (EG × G M ), with Ω(EG × G M ) replaced by the Weil model of equivariant forms Ω G (M ). The definition, short exact sequences, and ring structure all follow immediately from the same arguments given in Sections 2 and 3 of the HopkinsSinger paper [HS] , so we will keep the proofs brief. (In fact, [HS] also contains our construction for the case where M = pt.) Readers unfamiliar with the Weil model of equivariant forms Ω G (M ) can find a full exposition in Appendix A. As noted in Section A.5, the Weil model may be replaced, via the Mathai-Quillen isomorphism, by the isomorphic Cartan model (Sg * ⊗ Ω(M )) G if desired. As discussed in Section A.4, let (EG, Θ EG ) → BG be a universal principal Gbundle with connection, given as a direct limit of smooth finite-dimensional bundles. If M is a G-manifold, the Weil homomorphism induces an inclusion
that is a quasi-isomorphism of cochain complexes.
For the moment, we will use general coefficients. Let Λ ⊂ V be a completely disconnected subgroup of a (possibly graded) vector space, and denote
Explicitly, this is defined so that for k ≥ q,
and for k < q we restrict to the subcomplex with ω = 0. Forx = (c, h, ω), we call c the characteristic cocycle and ω the curvature, and we sayx is flat if the curvature is zero. The degree n differential equivariant cohomology is defined as the abelian group
As one would expect, the groupsȞ * G (M ; Λ) lie in short exact sequences that are completely analogous to those for ordinary differential cohomology. We denote the image of H n G (M ; Λ) → H n G (M ; V ) by H n G (M ; V ) Λ , and we denote the subgroup of closed n-forms with Λ-periods by Ω n G (M ; V ) Λ . This is defined so that under the de
We will primarily be concerned with Λ = Z, V = R, and we use the notationš
In later sections, we will simply use Z ⊂ R to simplify notation, but all results will immediately generalize to general coefficients Λ ⊂ V . Proposition 2.3. The groupsȞ * G (M ; Λ) lie in the short exact sequences
where A n G (M ) is the pullback (in sets) of the commutative square
These sequences fit into the character diagram
The cup product and wedge product induce algebra homomorphismš H Example 2.6. If G = e is the trivial group, then Ω G (M ) ∼ = Ω(M ), and we can take EG = pt. This recovers the usual differential cohomology
Example 2.7. The point pt is trivially a G-manifold, and the Borel construction is
The short exact sequences (SES 2) and (SES 1) give isomorphisms
Example 2.10. If G = Γ is a finite group, the Lie algebra is trivial. Hence, the equivariant forms Ω Γ (M ) are simply the invariant forms Ω(M )
, where |t| = 2. The above identities (2.8) and (2.9) imply
We now show that as a graded commutative ring, this can be writteň
where |θ| = 1 and |t| = 2. The relations θt = tθ and θ 2 = 0 are implied by the adjectives graded commutative.
To verify this is a ring isomorphism, first note that the characteristic class map gives a ring isomorphismȞ 
can be represented by (0, rα k , 0). The cochain-level product yields
Thus, the product of two odd elements is 0, and (nt
Example 2.12. Similarly, the odd cohomology groups of BU (n) vanish, and
The same argument given in the previous example shows thať
and as graded commutative rings with |c i | = 2i and |θ| = 1,
From the description of the Weil algebra W(g) in Appendix A, it is clear that equivariant forms Ω G (M ) most naturally arise when considering principal bundles with connection. While the topological space EG → BG can be viewed as a universal bundle with connection, it does not naturally represent the category of principal bundles with connection on general manifolds. For this reason, it will be more convenient to replace EG × G M with the stack E ∇ G × G M and study its differential cohomology. While we are not aware of any work specifically onȞ * (E ∇ G × G M ), the general idea of defining differential cohomology via sheaves on manifolds has been widely used. This includes, but is not limited to, [Bun, BNV, HQ, FSS] .
3.1. Background. First, remember that a groupoid is a category in which every morphism is invertible. Any set S can be viewed as a category, where the only morphisms are the identity morphisms. We denote this fully faithful embedding of the category of sets into the category of groupoids by Set ⊂ Gpd.
A stack M (on the site of smooth manifolds) is a contravariant functor from the category of manifolds to the category of groupoids satisfying a descent condition; we denote the category by
This means that associated to every manifold X is a groupoid M (X), and a smooth
There are associative natural transformations g * f * ∼ = (g • f ) * to deal with composition of functions. To be a stack, as opposed to a prestack, M must also satisfy a sheaf/descent condition that all of our examples will satisfy (see [Hei] or Section 6 for more details).
Example 3.1. Any smooth manifold N defines a stack N by associating to X the set
and to a smooth map X 1
Example 3.2. Principal G-bundles with connection form a stack, which we denote B ∇ G. To any manifold X, let B ∇ G(X) be the groupoid whose objects are principal
2 ) is a bundle map preserving the connection; i.e. it is a G-equivariant map ϕ
Such a ϕ must be a diffeomorphism, and hence all morphisms in B ∇ G(X) are isomorphisms. Since bundles and connections pull back, a smooth map f : 
for all X, together with natural transformations Ψ(f ) : Ψ(X) • f * → f * • Ψ(Y ) for all smooth f : X → Y ; morphisms between morphisms are given by natural transformations, which must be invertible since M 2 (−) is always a groupoid.
The Yoneda Lemma states that there is a canonical equivalence of categories
and this defines a faithful embedding of the category of manifolds into the 2-category of stacks. For this reason, we will usually not distinguish between a manifold X and its associated stack X. We can also view an object in the category M (X) as a map X → M . Thus, maps between stacks are a generalization of smooth maps between manifolds; when M and X are both manifolds,
Via Yoneda, any bundle (P, Θ) → X is naturally equivalent to a map
and the groupoid of bundles with connection is naturally equivalent to the "category of maps" X → B ∇ G. This makes B ∇ G a more convenient classifying object for many purposes than the ordinary topological space BG.
Example 3.3. Differential forms of degree k define a stack Ω k , where
is a set viewed as a groupoid with only identity morphisms. A differential form
is defined as follows. An object of (E ∇ G × G M ) (X) is a principal G-bundle with connection (P, Θ) → X, together with a G-equivariant map f : P → M . The map f is equivalent to a section F of the associated fiber bundle P × G M , with the equivalence given by
is a connection-preserving bundle isomorphism that covers the maps to M ; i.e.
In the case where M = pt, there is only one map P f − → pt, leading to the natural
We also let EG × G M denote the stack defined analogously via bundles without connection.
Remark 3.5. Other possible notations for this connection quotient stack could include M ∇ G and (M G ) ∇ . We choose to use E ∇ G × G M to emphasize the correspondence between maps of stacks and maps of topological spaces.
3.2. Differential forms on the quotient stack. We want to study the differen-
but it is not immediately clear what that means.
As a first step, let's understand differential forms. Since
Since Ω n (X) has only identity morphisms, isomorphic objects in (
While it is not difficult to show this is injective, Freed-Hopkins prove it is in fact an isomorphism of abelian groups [FH, Theorem 7.28] . Though Ω G (M ) is usually regarded as an algebraic replacement for Ω(EG × G M ), it is the actual de Rham complex of the stack E ∇ G × G M . We now explain the homomorphism (3.7). To a map
This construction is invariant under morphisms in (E
The de Rham differential induces a universal map of stacks d :
Each degree is computed individually, with Ω n being set valued, as opposed to some version of maps maps to the complex Ω * , where there are non-trivial morphisms.
Example 3.9. In the case where M = pt, we have that (Sg
, which is concentrated in even degrees. A bundle with connection (P, Θ) → X is naturally viewed as a map X → B ∇ G; the induced map on differential forms is the usual map from Chern-Weil theory
3.3. Differential cohomology via sheaves. We now briefly outline the construction ofȞ n (E ∇ G × G M ) and state the main properties. Because the details are not important to understanding the constructions in Sections 4 and 5, we postpone them until Section 6.
Amongst its many constructions, ordinary cohomology can be represented by homotopy classes of maps to a space. For A an abelian group, there exists an Eilenberg-MacLane space K(A, n) ∈ Top with
While differential cohomology cannot be represented by a fixed topological space, it can be represented by a sheaf of "spaces" on the site of manifolds [FSS, Bun, HQ, BNV] . We work with simplicial sets for convenience, as they form a natural home for groupoids, topological spaces, and chain complexes. Letting ∞Gpd denote the (∞, 1)-category of simplicial sets spanned by Kan complexes, defineǨ(Z, n) ∈ Shv ∞Gpd to be a sheaf fitting into a homotopy-commutative diagram of the form
Here, K(A, n) is an object in Shv ∞Gpd representing ordinary cohomology.
We can consider the sheaf of groupoids E ∇ G × G M as a sheaf of ∞-groupoids via the nerve construction N. The cohomology groups and differential cohomology groups are defined by considering maps between sheaves in the homotopy category:
The following theorem is based on (3.7) and the work of Bunke-Nikolaus-Völkl on homotopy-invariant sheaves [BNV] . The proof is given at the end of Section 6.
Theorem 3.11. The two definitions ofȞ * G (M ) are naturally equivalent,
. This leads to the following commutative square.
The isomorphism in the bottom-left corner is given by the Freed-Hopkins isomorphism (3.7). The two isomorphisms on the right are induced by the map
, which induces an isomorphism in cohomology (Propositon 6.7). In the following sections, we will use these two properties to check that maps of stacks induce the desired maps at the level of differential forms and cohomology.
Example 3.13. Since Ω 2k−1 (B ∇ G) = 0, the short exact sequence (SES 2) gives an isomorphismȞ 2k (B ∇ G)
The Cheeger-Chern-Simons refinement of Chern-Weil theory [CS] can then be repackaged in the following way. A principal G-bundle with connection (P, Θ) → X is equivalent to a map
and this induces a homomorphism
Hence, any universal characteristic class in H 2k (BG; Z) has a canonical differential refinement.
Constructions
We now explain how some important constructions, frequently described using classifying spaces or equivariant forms,are naturally given by explicit geometric constructions involving bundles with connection. 4.1. Associated bundles. Let φ : G 1 → G 2 be any Lie group homomorphism, with φ * : g 1 → g 2 the associated Lie algebra homorphism. The associated bundle construction, which functorially makes any G 1 -bundle with connection (P, Θ) into a G 2 -bundle with connection, induces morphisms
The most common example is when φ is an inclusion, which is usually referred to as extending the structure group. For more details on the associated bundle construction, see Chapter II.6 of [KN] , or Section 1 of [Fre] .
If (P, Θ) ∈ B ∇ G 1 (X), the associated G 2 -bundle is defined (4.1)
To define the induced connection Θ φ on P φ , first note that the natural map P ϕ − → P φ , given by p → [(p, 1)], is φ-equivariant. Hence, the horizontal subspaces of T P are mapped equivariantly into T P φ , and the image extends uniquely to an equivariant horizontal distribution in T P φ . The induced connection Θ φ can also be described as the unique connection on P φ that is compatible with Θ in the sense that
Therefore, the associated bundle construction is compatible with the Weil homomorphism, giving the commutative diagram
(1) The associated bundle construction gives a natural morphism
(2) The homomorphism induced by F φ on differential forms is naturally isomorphic to φ * ⊗ F * in the Weil model.
The homomorphism induced by F φ on ordinary cohomology is naturally isomorphic to the homomorphism induced by the maps of classifying spaces
(4) The induced homomorphism
recovers the expected homomorphisms in equivariant cohomology and equivariant forms.
Before giving the proof of Proposition 4.4, we wish to first introduce notation for three special cases. In two of the cases, the general construction simplifies, so we also show what happens when the stack is evaluated on a general manifold X. 
induces the homomorphism of abelian groupš
Example 4.7. Suppose that K ⊳ G is a normal subgroup, and suppose the quotient map M q − → M/K is a smooth map between manifolds. Then, q is equivariant with respect to the quotient group homomorphism G
(with dotted arrows indicating maps no longer being used) and a homomorphism
If K acts freely, this induces the usual isomorphism
Proof of Proposition 4.4. Part (1) is given by constructing, for every X and natural with respect to maps X → Y , the following functor.
To explain in a bit more detail, the associated bundle construction associates to (P, Θ) the bundle (P φ , Θ φ ), along with a φ-equivariant map P
and we precompose with original section s. The associated bundle construction is functorial, so any morphism Φ in (
, as evidenced by the following commutative diagram.
Hence, the associated bundle construction induces a morphism of stacks.
For part (2), we simply trace through the construction of F φ and the Weil homomorphism. Let ω ∈ Ω(E ∇ G 2 × G2 N ), which may be written as a sum of homogeneous
As noted in (4.3), the associated bundle construction is compatible with the Weil homomorphism, and therefore
Consequently, F * φ ω gets mapped to s * (φ * α)(Θ) ⊗ F * ψ ∈ Ω(X), and this is the same element that φ * α ⊗ F * ψ ∈ Ω G1 (M ) maps to. To see part (3), choose a classifying map for the G 2 -bundle EG 1 × φ G 2 , which gives the following diagram. We do not need to assume the classifying map is connection preserving.
For any X f − → BG 1 , there is an isomorphism of associated bundles
This implies the diagram
commutative up to isomorphism, or homotopy-commutative. As shown in Proposition 6.7, the vertical maps induce isomorphisms in ordinary cohomology. Therefore, the induced map on the cohomology of the stacky homotopy quotients
is given by the usual map between the homotopy quotient spaces. Finally, part (4) follows immediately from parts (2) and (3), and (3.12).
4.2. Pulling back equivariant bundles. As discussed in the previous section, if G acts freely on a manifold P , there is a natural homomorphismȞ
inducing the standard isomorphism in cohomology. We now describe the one-sided inverse to this map. First we outline the result, then we give the construction, and then we check the details.
To obtain a map in the opposite direction, one must choose a connection Θ on P . Using this and denoting M = P/G, one naturally obtains a morphism of stacks
by pulling back the bundle (P, Θ), as indicated below when the stack is evaluated on a manifold X.
Proposition 4.16 will imply that the induced map
recovers the isomorphism inverse to q * /G at the level of cohomology, and it recovers the Weil homomorphism
at the level of differential forms. The above is actually a special case of what happens when we have an equivariant principal bundle with connection. Suppose that (Q, Θ) → M is a G-equivariant principal K-bundle with G-invariant connection. This implies that Q is a (G × K)-manifold, M is a G-manifold, and the map Q → M is equivariant. (Note that in the following discussion, G will always act on the base manifold M , and K will be the structure group for a principal bundle.) The above construction generalizes to give a stack morphism
and this gives the expected classical maps in cohomology and equivariant forms. In particular, we get the following maps between short exact sequences.
Let us now give the precise construction in slightly greater generality. Assume that K is a normal subgroup of G with quotient G/K ∼ = G, and furthermore assume that we have fixed a splitting of the Lie algebra, i.e.
Such a decomposition of Lie algebras must exist since our groups are compact. Of primary interest is when G = G × K, but we wish to also allow examples such as
Definition 4.10. For M ∈ G-Man, let G-Bun K,∇ (M ) be the groupoid of Gequivariant principal K-bundles on M with invariant connection. An object (Q, Θ) ∈ G-Bun K,∇ (M ) is a principal K-bundle with connection on M such that:
which is an isomorphism of K-bundles with connection.
Remark 4.11. For G = G×K, the condition Θ ∈ Ω 1 (Q)⊗k G×K can be rewritten as k * Θ = Ad k −1 Θ and g * Θ = Θ. Also, in this case we may refer to G-equivariant K-bundles as G-equivariant K-bundles. This is a standard convention, and we hope it does not cause any confusion.
Given an element (Q, Θ) ∈ G-Bun K,∇ (M ), we want to define a natural map Θ G
such that the composition q K • Θ G is naturally isomorphic to the identity. We first describe the construction, hopefully emphasizing the geometric nature and naturalness. The details, which are relatively straightforward, are then checked in Proposition 4.16. While the induced maps in cohomology and equivariant forms that we recover are well-known, and the construction of Θ G appears implicitly in [BT] , we do not know any references where this construction is done in general at the level of principal bundles with connection. We now give a functor between the two groupoids produced when the stacks are evaluated on a test manifold X. Denoting Θ = Θ Q for added clarity, the map is given by the following construction.
Our new G-bundle is given by pulling back Q. The connection on f * Q is given by the pulling back the connections on P and Q and subtracting a correction term. This extra term is defined to be the image
While this term may initially seem obscure, it is necessary to ensure that we produce a connection on f * Q, and it has a simple description in the Weil model. Define the equivariant extension of the connection and curvature forms by
To clarify, ι θg Θ ∈ Λ 1 g * ⊗ Ω 0 (Q) ⊗ k and it is evaluated on elements ξ ∈ g by contracting the connection along the vector field in Q generated by the G-action; i.e.
The k portion of the connection on f * Q is simply the image of the equivariant connection Θ G under the Weil homomorphism
Note that the additional term ι π * P ΘP f * Θ Q uses the connection on the G-bundle P to detect the G-action on Q. This is key to understanding the equivariant ChernWeil homomorphism in Section 5.
Remark 4.14. In the Cartan model for equivariant forms (see Section A.5), the equivariant connection and curvature simplify to
with Ω G becoming the more familiar equivariant curvature defined in [BV, §2] .
We proceed to check that Θ G and Ω G are equivariant forms and the above construction satisfies the desired properties.
Lemma 4.15. For (Q, Θ) ∈ G-Bun K,∇ (M ), the forms Θ G and Ω G are G-invariant and g-horizontal; i.e. they live in the subcomplex
Proof. To see that Θ G is g-horizontal, let ξ ∈ g. Then
We now show both terms in
To check the term ι θg Θ, observe that θ g ∈ Λ 1 g * ⊗ g G = Λ 1 g * ⊗ g G , and the contraction map
From the Leibniz rule for ι ξ and the definition of tensor product of representations, it immediately follows that [Θ G ∧ Θ G ] is also g-horizontal and G-invariant. The standard identities (A.3) and (A.4) imply that d G Θ G is also G-invariant and g-horizontal. Consequently, Ω G is invariant and horizontal.
Proposition 4.16. Assume G/K ∼ = G satisfying (4.9). Let (Q, Θ) ∈ G-Bun K,∇ (M ).
(1) The above construction defines a natural morphism
(3) The induced map in cohomology is the standard isomorphism
Proof. For part (1), we must check that our construction defines a principal Gbundle with connection. Since P f − → M πM ← − − Q are equivariant maps between Gmanifolds, the pullback f * Q is naturally a G-manifold. The freeness of the G-action follows easily by the following argument. Suppose g ∈ G satisfies g(p, q) = (p, q) for some point in f * Q ⊂ P × Q; then gp = p ∈ P implies g = 1 and hence g ∈ K. Since K acts freely on Q, then g = 1. Hence, f * Q → X is a principal G-bundle. To show that
is a connection, we must check it is G-equivariant and restricts fiberwise to the Maurer-Cartan 1-form on G. By Lemma 4.15, we see that f * Θ Q − ι π * P ΘP f * Θ Q must be G-invariant and g-horizontal, since it is the image of Θ G under the map
This, combined with the fact that Θ P ∈ Ω 1 (P ) ⊗ g G , implies that (4.17) is an
Therefore, the morphism of stacks Θ G is well-defined. The map π P gives a natural isomorphism (f * Q)/K ∼ = P compatible with the connections. Hence,
The proof of part (2) is given by tracing through the Freed-Hopkins isomorphism, discussed in Section 3.2, and the definition of our map. Essentially, we must show that the diagram
commutes by evaluating on a test manifold X. Consider a homogeneous element αβγ ∈ Ω G×K (Q) ⊂ W(g) ⊗ W(k) ⊗ Ω(Q). We first check the clockwise direction.
Therefore, αβγ ∈ Ω G×K (Q) gets mapped to
Going counter-clockwise, we first have that αβγ → αβ(Θ G )γ, which lives in
When we evaluate on X ← (P, Θ)
Pulling this back up to f * Q via π * P gives us the form from the other direction. Hence, they restrict to the same form in Ω(X).
Finally, part (1) implies that Θ * G • q * K = Id, and we know from (4.8) that q * /K is an isomorphism in ordinary cohomology. Therefore, part (3) follows immediately. Proof. Assume that H G satisfies Theorem 1.1 parts (A) and (C). As described in Section A.4, let (EG, Θ EG ) → BG be the universal bundle with connection obtained as a direct limit of smooth manifolds. The projection map EG × M → M is G-equivariant and can be combined with the universal connection to produce
On ordinary cohomology, this map is an isomorphism. Since the Weil homomor- (Lemma A.17) , it follows from the short exact sequence (SES 2) that H * G (M ) can be naturally considered as the same abelian subgroup ofȞ * (EG × G M ), and this gives us our desired natural isomorphism.
Equivariant Chern-Weil theory
The constructions in Propositions 4.4 and 4.16 combine to give a geometric interpretation of equivariant Chern-Weil theory. For simplicity, let G = G × K in the following preliminary discussion.
Suppose that M is a G-manifold and (Q, Θ) → M is a G-equivariant principal K-bundle with G-invariant connection; i.e. (Q, Θ) ∈ G-Bun K,∇ (M ). We briefly explain two classical ways to construct equivariant characteristic classes. The first construction is purely topological and does not use the connection. Consider the principal K-bundle EG × G Q → EG × G M . The choice of classifying map
induces a homomorphism
A) for any abelian group A. The second method, due originally to Berline-Vergne [BV] , uses the connection to construct an equivariant differential form. Given
As noted in Remark 4.14, this becomes
in the more commonly used Cartan model. While the form ω(Θ G ) depend on the connection Θ, its class in H 2n G (M ; R) does not. These give equivariant Chern classes and forms when K = U (n), and equivariant Pontryagin classes and forms when K = SO(n). In [BT] , Bott-Tu use the universal connection on EG to show these two constructions give the same classes in H * G (M ; R). The following construction is similar to theirs, but we replace EG with E ∇ G and view everything in the world of stacks.
Suppose that (Q, Θ) ∈ G-Bun K,∇ (M ). The following maps compose to give a refinement of (5.1) to stacks.
The first map is given by the bundle pullback construction of Section 4.2, the second is induced by the equivariant map Q → pt, and the third map is induced by the
When applied to a test manifold X, the composition performs the following construction.
It pulls back Q, modifies the connection to create a G × K-bundle with connection, and then quotients by G.
refines the traditional equivariant characteristic classes and forms as described above.
Proof. We know the morphism E ∇ G× G M → B ∇ K is well-defined, since it is defined in (5.2) as the composition of three morphisms. We now must show that at the level of cohomology, (
By Proposition 6.7, the maps EG
where the two horizontal morphisms given by viewing EG → BG and EK → BK as principal bundles, is commutative up to isomorphism.
We evaluate on a test manifold X and trace through where X s − → EG × G M is sent, using the following diagram to identify maps.
Going clockwise in (5.4), we have
Going counter-clockwise in (5.4), we have
the diagram (5.4) commutes up to isomorphism. For differential forms, we trace through the composition (5.2), which is given by the restriction of the following to the basic sub-complexes
The first two maps are given by the mapping W(k) into its factor in the tensor product, so the composition is simply
which is precisely the equivariant Chern-Weil form in the Weil model.
One can also construct equivariant extensions of the Chern-Simons forms. As explained in (A.13), to ω ∈ (S k k * ) K is naturally associated a Chern-Simons form
, we define the equivariant Chern-Simons form to be the image of CS ω under the equivariant equivariant Weil homomorphism
As in the case of differential characters, the Chern-Simons forms are closely related to the differential refinements of characteristic classes.
Proof. First note that because EG is contractible, the character diagram for E ∇ G gives isomorphismsȞ
This gives the universal property π
The construction (5.2) readily generalizes to the following diagram,
In degree 2, an R/Z-bundle with connection on M naturally defines an element of H 2 (M ) via its holonomy. More generally, evaluating a differential character on a (n − 1)-cycle can be thought of as the holonomy for some higher gerbe or abelian gauge field.
This idea generalizes to the equivariant setting, with classes inȞ and only if it is the derivative of a gauge transformation
giving that the left vertical arrow is an isomorphism. The proposition now follows by the Five Lemma.
Details of simplicial sheaf construction
This section contains a more detailed account of Section 3.3. The results essentially follow by combining the work of [FH] and [BNV] ; the reader may refer to these works, along with [Lur, Chapter 5] for further details. Let us briefly explain our notation.
We will use simplicial sets in order to deal with groupoids, non-negatively graded chain complexes, and topological spaces simultaneously. Let ∞Gpd be the (∞, 1)-category of "∞-groupoids," taken here to be the full simplicially enriched subcategory of simplicial sets spanned by Kan complexes. The category ∞Gpd is naturally equivalent, as an (∞, 1)-category, to the topologically enriched category Top of topological spaces with the homotopy type of a CW complex. Though it is not strictly necessary, we use this equivalence ∞Gpd ≃ Top to make certain statements easier to read. Any groupoid is naturally a Kan complex via the nerve construction N, and the Dold-Kan correspondence Γ makes a non-negatively graded chain complex into a simplicial abelian group. These structures, together with the singular functor S and geometric realization | |, fit into the following picture.
We implicitly consider any ordinary category as an (∞, 1)-category via the nerve construction, though we do not explicitly write it.
Let PShv ∞Gpd = Fun(Man op , ∞Gpd) be the (∞, 1)-category of ∞Gpd-valued presheaves on manifolds. A functor F ∈ PShv ∞Gpd is a sheaf if it satisfies the following descent condition: for any covering U → X, the canonical map F (X)
is an equivalence. The full subcategory of simplicial sheaves is denoted Shv ∞Gpd , and there is a sheafification functor L forming the adjunction L : PShv ∞Gpd ⇄ Shv ∞Gpd : inclusion.
We continue to suppress the embedding of Set ֒→ Gpd, but we use the nerve symbol to denote N : Shv Gpd → Shv ∞Gpd . As in previous sections, we will use M to denote both a manifold M and the stack it represents, but we will begin using the notation M within proofs for added clarity. For Y ∈ Top, we define Sing * Y ∈ Shv ∞Gpd by Sing * Y (X) = S(Y X ), the singular complex of the space of continuous maps from X → Y . Let K(A, n) ∈ Shv ∞Gpd denote any simplicial sheaf equivalent equivalent to Sing * K(A, n).
We now recount the results we need from the theory of homotopy-invariant sheaves developed by Bunke-Nikolaus-Völkl in [BNV] . Their results hold for general C-valued sheaves on manifolds, where C is an (∞, 1)-category, but we have specialized them to the case of C = ∞Gpd ≃ Top. A sheaf F is homotopy-invariant if, for all manifolds X, the projection X × I → X induces an equivalence
Let Shv h ∞Gpd denote the full subcategory of homotopy-invariant sheaves. The following results are found in Proposition 2.6, equation (63), and Lemma 7.13 of [BNV] .
• The functor Sing * gives an equivalence Top ≃ − → Shv h ∞Gpd ; the inverse is given by evaluating at a point and taking the geometric realization. There is also a homotopification functor H, and these form the following adjunctions.
• These adjunctions combine to give the following adjunction:
Because h is a left adjoint, it automatically commutes with homotopy colimits. The functor h also preserves finite products.
• Let M be a manifold and M ∈ Shv Gpd the stack it represents. Then,
• If A ∈ Shv Ab ֒→ Shv Gpd is a sheaf of abelian groups that are C ∞ -modules, then
We now make the following definition/abbreviation.
Definition 6.4. Let A be a fixed abelian group. For a stack M ∈ Shv Gpd ,
Example 6.5. For M ∈ Man, consider N(M ) ∈ Shv ∞Gpd , which is defined by considering the set C ∞ (X, M ) as a discrete simplicial set. The Yoneda lemma shows that Definition 6.4 agrees with our ordinary definition of cohomology,
The following proposition and proof are taken almost directly from Lemma 5.2 in [BNV] .
where we use the notation • G to denote the action groupoid [• ⇔ G×•] associated to a G-action. The group G acts on Ω 1 ⊗ g via the usual change of connection formula, ω · g = Ad g −1 ω + g * θ g . The right vertical maps is given by associating to X → (M G) the trivial bundle X ← X × G, together with the map X × G → M determined by the map X → M . Likewise, the left vertical map is given by the same construction, but with the connection on X × G determined by the map X → Ω 1 ⊗ g. Since any bundle is locally trivializable, these vertical maps induce equivalences of groupoids when evaluated on stalks. Hence, upon taking the nerve, the vertical maps induce equivalences in Shv ∞Gpd (see [BNV, Lemma 5.2] and [FH, (7.23)] ).
We now use the general fact that for a simplicial set B, the induced simplicial object in simplicial sets, given by the composition ∆ Rewriting the bottom entries as colimits, and applying the properties of h described above, gives the following sequence of equivalences.
In the above argument, the third equivalence was given by fact that h and L commute with colimits, N(
is a sheaf, and h preserves finite products. The fourth equivalence was given by the fact that h(N(X)) ≃ X, and h(N(A)) ≃ pt for A a sheaf of C ∞ -modules. Note that the middle entries were given as the homotopy colimit of a simplicial space (simplicial object in Top). For proper simplicial spaces, the homotopy colimit is equivalent to the geometric realization; this is a common construction of BG when M = pt. Now consider also the following commutative diagram of prestacks
where the bottom left map is given by the homotopy equivalence M ≃ − → EG × M . The left vertical map is given by quotienting, and since G acts freely, it leads to an equivalence of groupoids when evaluated on any manifold X. Hence, both vertical maps give equivalences in Shv ∞Gpd .
By the same calculation as above
and the homotopy equivalence pt
, which in turn gives the equivalence
Proof. This follows almost immediately from Definition 6.4, the adjunction 6.1, and the calculation of h(N(E ∇ G × G M )) in Proposition 6.6. Together, these give the following sequence of isomorphisms:
Finally, we repeat an explicit construction of a simplicial sheaf representing differential cohomology. This construction, and minor variations, have already appeared in several places, including [HS] implicitly and [BNV, Bun, FSS, HQ, Sch] explicitly. In order to obtain simplicial sets from cochain complexes, we use the standard trick of reversing the grading and shifting, and then using the Dold-Kan construction. The inclusions of Z ֒→ R ֒→ Ω 0 induce the following maps of presheaves of chain complexes, where degree 0 is written on the left.
Applying Dold-Kan (and sheafifying where necessary), we then take the homotopy pullback in Shv ∞Gpd , obtaining
The top right corner is equivalent to K(Z, n), and the bottom right corner is equivalent to K(R, n), so the construction ofǨ(Z, n) fits the description from (3.10). We now have two potential definitions ofȞ * G (M ). The first was given in Section 2 using the cochain complexČ G (n)(M ; Z), and the second is given in this section as
We now prove these two possible definitions ofȞ *
Proof of Theorem 3.11. We use Dold-Kan to considerČ G (n) * (M ) as a homotopy pullback of simplicial abelian groups via the following.
The Freed-Hopkins isomorphism [FH, Propositions 6.22 and Theorem 7.28] gives us
Likewise Proposition 6.6 shows us that
There is a natural homotopy equivalence
induced by pulling back a fundamental cocycle in Z n (K(A, n); A) and integrating over the simplex [HS, Proposition A.12] . Therefore, we have equivalences from three corners of (6.8) evaluated on N(E ∇ G × G M ), and the corresponding three corners of (6.9). Therefore, the induced map between homotopy pullbacks
is also an equivalence in ∞Gpd, which gives us the desired isomorphism in the homotopy category.
The Ad-equivariance can be rewritten as Θ ∈ Ω 1 (P ) ⊗ g G , where the second factor g is the adjoint representation of G. The set of all connections on P is an affine space, with Ω 1 (X; g) acting freely and transitively. The curvature is defined
There is also an equivalent, but more geometric, interpretation of a connection. The G-action defines the distribution T V P of vertical tangent vectors in P by
A connection on P is the choice of an equivariant horizontal distribution T H P ; i.e. a connection is equivalent to an equivariant splitting of the tangent bundle
The connection 1-form Θ gives a projection from T P onto T V P ∼ = g, thus defining the horizontal distribution by
The splitting of T P into horizontal and vertical subspaces induces a bi-grading on the differential forms
In this bi-grading, the exterior derivative decomposes as
is the Lie algebra (or ChevalleyEilenberg) differential for the G-module C ∞ (P ) [CE] . If we restrict to Ω(P ) G , then (Λg * , d g ) is naturally the de Rham complex of left-invariant forms on G. The connection Θ induces the covariant derivative d ∇ , and ι Θ is the derivation induced by contracting along the vector-valued 2-form Ω. See Section 3 of [Red] for more details.
A.3. G ⋆ -algebras. Let (A, d) be a commutative differential graded algebra (DGA), where d is a derivation of degree +1 and commutative means ab = (−1) |a||b| ba for homogeneous elements. A DGA-automorphism of degree 0 is an algebra automorphism φ : A → A that preserves grading and commutes with d. of degree 0 and -1, respectively, such that ι is G-equivariant with respect to ρ and satisfies the Cartan equation; i.e. for all X ∈ g ρ g ι X ρ g −1 = ι Ad g X , (A.3)
Here, L : g → Der(A) is the Lie algebra representation induced by ρ.
A map φ : A 1 → A 2 is a morphism of G ⋆ -algebras if φ commutes with multiplication, ρ, d, and ι. Remark A.6. We use the convention that manifolds M have a left G-action, while principal bundles P have a right G-action. However, we sometimes implicitly use the natural switch between left and right actions. Given a left G-action on a set Y , define the right G-action via the formula y · g := g −1 · y; similarly, a right G-action induces a left G-action.
Definition A.7. Let A a G ⋆ -algebra. An element a is invariant if ρ g a = a for all g ∈ G, and it is horizontal if ι X a = 0 for all X ∈ g. The basic sub-algebra is the intersection of the invariant and horizontal elements:
hor . The definition of a G ⋆ -algebra implies that (A basic , d) is a sub-DGA of (A, d). Furthermore, if φ : A → B is a morphism of G ⋆ -algebras, then φ restricts to a DGA-morphism on the basic subcomplexes φ : A bas → B bas . Definition A.8. A connection on a G ⋆ -algebra A is an element Θ ∈ A 1 ⊗ g G such that ι X Θ = X for all X ∈ g. The curvature of Θ is defined
Example A.9. Suppose P π → X is a principal G-bundle. Example A.5 and Remark A.6 show that Ω(P ) is naturally a G ⋆ -algebra, though we write ρ g ω = g * ω due to the fact that G acts on the right. As noted in (A.1), the basic subcomplex Ω(P ) basic is naturally isomorphic to Ω(X). Furthermore, connections for the principal bundle P are equivalent to connections for the G ⋆ -algebra Ω(P ).
Example A.10. The Weil algebra W(g) is a G ⋆ -algebra with connection, and it is constructed so that it canonically maps to any other G ⋆ -algebra with connection. Explicitly, W(g) := Sg * ⊗ Λg * , deg S 1 g * = 2, deg Λ 1 g * = 1,
Here S and Λ are the total symmetric and exterior powers, so the coadjoint representation g * naturally makes W(g) into a G-representation. The differential d g is the Chevalley-Eilenberg differential for Lie algebra cohomology with values in the g-module Sg *
it has degree (0, 1) under the bi-grading W 2i,j (g) = S i g * ⊗ Λ j g * . The Koszul differential d K has degree (2, −1) and is defined by extending the natural isomorphism
to a derivation
The derivation ι has degree (0, −1) and is induced by the usual contraction g ι −→ End(Λg * ).
The Weil algebra W(g) is acyclic; i.e. H 0 (W(g), d W ) = R and H i (W(g), d W ) = 0 for i > 0. It has a natural connection
given by the identity map g → g; i.e. θ g (X) = X for X ∈ g. When there is no risk of confusion, we will drop the subscript and write θ for θ g . Using the fact that
, we see that the curvature Ω = Ω g equals d K θ g . In light of this, we rewrite the Koszul derivative d K as ι Ωg . Therefore, we see that W(g) serves as a natural algebraic model for differential forms on EG. It is acyclic, and to any G-bundle with connection (P, Θ) → X, the Weil homomorphism is a natural map W 2i,j (g) .12) that is compatible with the bi-grading, multiplication, G-action, derivative d, and contraction ι. Below is a diagram showing this. For generic α ∈ W(g), we use the notation α(Θ) for Θ * (α). ι Ω % % ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲
' ' P P P P P P P P P P P P
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